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Lithium interalated anatase used in Li-ion batteries has some speial features: oexistene of Li-rih and Li-
poor phases as well as two possible positions for Li ions in the oxygen tetrahedron. A theoretial desription
of the ompound onsidering those peuliarities is presented. As shown by the performed symmetry analysis,
the interalation indued lattie deformation an be aompanied by the ordering of antiferroeletri type
(internal piezoeet). In the following step, a qualitative illustration of the phase separation in the lithiated
anatase is given within the Landau expansion at the proper hoie of oeients. A mirosopi model for
desription of the ompound is also proposed whih ombines features of the Mitsui and Blume-Emery-Grits
models and utilizes the symmetry analysis results. Various ground state and temperature-dependent phase
diagrams of the model are studied to nd a set of model parameters orresponding to the lithiated anatase.
A phase separation into the empty and half-lled phases in a wide temperature range has been found losely
resembling the phase oexistene in the interalated rystal. In the framework of the model, the two-position
Li subsystem ould have the ordering of ferro- or antiferroeletri types whih, however, has not been yet
observed by the experiment.
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e model
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1. Titania in a nutshell
1.1. Titanium dioxide: polymorphs, properties and appliations
There are eleven known polymorphs of titanium dioxide (titania). The most ommon natural
forms (rutile, anatase and brookite) are just dierent spae arrangements of the TiO6 group where
a titanium ation is loated in the entre of the slightly deformed otahedron shaped by six oxygen
anions. Eah polymorph has its own deviations from the ideal otahedron but it is always elongated
along the ertain axis. Thus, two (apial) oxygens are further away from the titanium than four
others (equatorial).
Being the most stable polymorphs, rutile and anatase are widely used and intensively studied.
They are very similar in many details (e.g. the arrangement of atoms and average lengths of
bonds) [ 1℄. However, anatase is 10% less dense than rutile and an additional volume is ondensed
in the voids aeting the ell averaged properties suh as ompressibility and dieletri onstant.
Moreover, this minor dierene beomes ruial at rystal interalation. In both polymorphs, an
elementary ell onsists of two formula units but unlike the tetragonal rutile (P42/mnm) the
standard rystallographi ell of body-entered tetragonal anatase (I41/amd) is hosen to onsist
of two elementary ells.
The titanium atoms, and hene, the otahedra, are arranged in suh a way that eah oxygen
is at the same time an equatorial atom for one titanium, and an apial one for the other titanium
atom in the same unit ell. Neighboring otahedra are sharing edges and orners with eah other.
Two and four edges of eah otahedron are shared in rutile and anatase, respetively. The basi
otahedra are distorted in suh a way that eah shared edge is shortened, the other edges being
orrespondingly elongated. The shortened oxygen-oxygen bonds are often named as the bridge
bonds (in the sense that it bridges the interation between Ti ions: metal-oxygen-metal). In rutile
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the bridge bond onnets two equatorial oxygen atoms. Hene, the otahedra form the vertial
linear hains. The otahedra belonging to adjaent hains are onneted only through one orner:
an oxygen atom whih is both apial and equatorial for the two touhing otahedra. In anatase,
the otahedra are arranged in order to share a diagonal edge between an apial and an equatorial
atom. Thus, otahedra form zig-zag hains orthogonal to the rystallographi axis. There are two
sets of hains orthogonal to eah other, that are onneted through a ommon otahedron.
The list of hi-teh appliations of titanium dioxide is quite impressive. They are primarily
related to its photoativity. For example, TiO2, partiularly in the anatase form, is a photoatalyst
under ultraviolet light. The strong oxidative potential of the positive holes oxidizes water to reate
hydroxyl radials (the Honda-Fujishima eet [ 2℄).
Superhydrophiliity phenomenon for glass oated with titanium dioxide is aused by ultraviolet
light partially removing oxygen atoms from the surfae of the titanium oxide. The areas where
oxygen atoms were removed beame hydrophili, while the same size areas where no oxygen atoms
were taken away turned out to be hydrophobi [ 3℄. The result is a TiO2-oated glass whih is
antifogging and self-leaning.
Dieletri properties of titanium dioxide distinguish it as semiondutor [ 4℄ (to stress the
dierene: anatase is semiondutor of the n-type while rutile is of p-type whih is utilized in the
gas sensor [ 5℄). Due to its high dieletri onstant, it is ommonly used as a dieletri in eletroni
devies, suh as thin lm apaitors [ 6℄ and MOS devies [ 7℄, as well as for the fabriation of
anti-reetion oatings, interferene lters [ 8℄, as well as optial wave-guides [ 9℄.
Although both rutile and anatase are potentially interesting for photo-atalysis and photo-
eletrohemial appliations, experimental investigations have mostly foused on the more prospe-
tive anatase polymorph. It has a wider optial-absorption gap and a smaller eletron eetive mass
whih presumably leads to a higher mobility for the harge arriers [ 10℄ and plays a key role in the
injetion proess of novel dye-sensitized photohemial solar ells with high onversion eieny [
11℄. In some ases, the two materials are used together in the same devie, exploiting their peuliar
properties for dierent purposes. For example, a typial low-ost photo-voltai module is omposed
of a transparent onduting photo-eletrode of dye-sensitized nanorystalline anatase, a spaer of
eletrially insulating, light-reeting partiles of rutile, and a ounter-eletrode of graphite pow-
der [ 12℄. Hene, anatase is used due to its eient oupling with the dye, and rutile for its high
dieletri onstant.
Furthermore, the open rystallographi struture of anatase failitates the aommodation of
substantial amounts of small ions (Li, H, et.) within the lattie. Lithium insertion hanges the
optial properties of TiO2: it turns the white powder dark blue whilst in thin lm form it hanges
from being transparent to partially reeting (eletrohromism) whih is used in displays and sun-
blinds (swithable mirrors). Combining an eletrohromi lm and a photovoltai lm to form the
two eletrodes of an eletrohemial ell one an ahieve a photohromi struture [ 13℄.
1.2. Interalation of rutile and anatase: experiment and theory
In the last deades the Li-ion batteries have run into operation as a result of their high energy
apaity, re-hargeability and environmentally friendly properties. Anatase TiO2 may at as an an-
ode in suh a battery [ 14℄. In pratie, anatase is not the ideal andidate beause of its relatively
low potential versus other eletrode materials. Better properties are demonstrated, e.g. by similar
ompounds with the spinel struture LiTi2O4 [ 15℄, Li4Ti5O12 [ 16℄ and their manganesian ana-
logues LiMn2O4 and LiMg0.1Ni0.4Mn1.5O4 [ 17℄. Here anatase is onsidered as a well dened model
material displaying many typial properties of transition metal oxide eletrodes. The eletrode and
eletrohromi properties of lithiated anatase are already well doumented and partly exploited
ommerially. However, the impressive experimental breakthrough in the study of the mirosopi
proesses resulting in these ahievements is not aompanied by theoretial investigations.
As mentioned earlier, anatase TiO2 has a body-entered tetragonal struture indexed by the
I41/amd spae group. Upon lithiation, anatase lattie undergoes an orthorhombi distortion that
results in the Li0.5TiO2 phase (sometimes referred to as Li-titanate) indexed by the spae group
Imma, where the fourth order axis is lost due to the distortion in the ab plane [ 18℄. The hange
2
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in symmetry is aompanied by a derease of the unit ell along the c-axis and by an inrease
along the b-axis, resulting in a 4% inrease of the unit ell volume. Lithium was found to reside in
the interstitial voids within the oxygen otahedra [ 18℄. The strutural hange an be explained as
oupation of Ti-Ti bonding atomi orbitals by the eletron that enters the TiO2 lattie with eah
Li-ion to maintain harge neutrality.
In omparison with the number of experimental studies of interalated titanium dioxide the
list of theoretial works on the subjet looks very short ontaining primarily ab initio approahes.
Some experimentally established properties are fairly well explained but some preditions are not
onrmed by experiment.
Already in the pioneer work [ 19℄ a higher possibility of lithium interalation in the anatase
struture than in rutile was predited as well as the absorption energies obtained were alulated
and Li-indued loal one-eletron energy levels were found in the gap between the upper valene
band and the ondution band and ould be attributed to Ti
3+
states.
The alulations of the relative lithium insertion potentials were performed for the rutile,
anatase, brookite, ramsdellite, olombite, spinel, and orthorhombi polymorphs of titanium diox-
ide from the rst priniples periodi Hartree-Fok approah [ 20℄ also indiating that lithium was
ompletely ionized in LiTiO2 and that the harge transfer is predominantly to the oxygen sublat-
tie. A similar study of the average voltage to interalate lithium in various metal oxides (among
them TiO2) and dihalogenides was performed utilizing the ab initio pseudopotential method [
21℄. It was also found that Li was fully ionized in the interalated ompounds but with its harge
distributed among the anion and the metal.
A series of works [ 22, 23, 24, 25, 26, 27, 28℄ should be mentioned, where the lithium interalation
in both rutile and anatase was ab initio modelled taking into aount thermodynami and kineti
eets. The important role of strong loal deformations of the lattie and elasti sreening of
interlithium interations was established, the absene of insertion into rutile at room temperature
was explained in terms of inaessibility of the low-energy ongurations due to highly anisotropi
diusion, a phase separation in anatase into a Li-rih phase and a Li-poor phase was desribed and
the existene of a new distorted rok-salt phase for LiTiO2 was predited [ 22, 28℄. The alulated
open iruit voltage prole reprodued and explained the harateristi features of experimental
disharge urves for both polymorphs [ 24℄. An analysis of the site preferene for Li interalation
in rutile and diusion pathways of ions was performed. The expansion of the host struture on
Li insertion was found to ontribute to the enhaned diusion of Li ions along the c diretion
while a large distortion of the rutile framework nearly suppressed Li diusion in the ab planes;
omputed diusion oeients were found in exellent agreement with the measured values [ 26℄.
A new phase of LiTiO2 is predited whih may be aessed through eletrohemial lithiation of
ramsdellite-strutured TiO2 at the lowest potential (remaining onstant over a wide range of Li
onentrations) reported for titanium dioxide based materials [ 29℄.
Ab initio study of the elasti properties of single and polyrystal TiO2 and other IV-B group
oxides in the otunnite struture was performed [ 30℄.
Up till now only one non-ab initio desription of the interalation in titanium dioxide by means
of the pseudospin-eletron model [ 31℄ (where the pseudospin formalism was used in desribing the
interalant subsystem) was performed. The possibility of the phase transitions aompanied by an
abrupt hange of the onentration of interalated ions and a signiant inrease of eletrostati
apaity of the system was predited.
1.3. Speial features of the lithium interalated anatase: phase equilibrium and double posi-
tions for lithium ions
Upon lithium insertion, an inreasing fration of the material hanges its rystallographi stru-
ture from anatase TiO2 to Li-rih lithium titanate Li0.6TiO2 (sometimes a dierent stoihiometry
is reported: Li0.5TiO2 or Li0.55TiO2; as will be shown below it depends on the size of TiO2 rys-
tallites). Phase separation ours on the Li-rih and the Li-poor (Li0.01TiO2) phases [ 32℄.
Suh a two-phase equilibrium system in the eletrodes provides a onstant eletrial poten-
tial between their eletrodes (so-alled plateau in potential on the disharge urve) for a wide
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range of the lithium onentration, beause only the relative phase frations vary on harging (or
disharging) the lithium while their stoihiometries remain unhanged [ 33℄. The Li-rih lithium
titanate phase progressively moves inside the anatase eletrode as a front parallel to the interfae
and returns during lithium extration exatly in the way it ame in [ 34℄.
Both in the anatase and in the lithium titanate lattie, Li is found to be hopping over the
available sites with ativation energies of 0.2 and 0.09 eV, respetively. However, marosopi
interalation data show ativation energies of 0.5 eV beause the diusion through the phase
boundary determines the ativation energy of the overall diusion and the overall diusion rate
itself [ 32℄.
Reent NMR spetrosopy study [ 35℄ of nanosized lithiated anatase revealed further important
details of the phase behavior and morphology. The oexistene of the Li-poor and the Li-rih phases
is possible only in the partiles of the size exeeding 120 nm due to the surfae strain (ourring
between the phases) whih beomes energetially unfavourable in small partiles. For the system
of 40 nm partiles, phase stoihiometries are not stable indiating an enhaned solid solution
behavior: lithium ontent inreases to Li0.1TiO2 in Li-poor and to Li0.7TiO2 in Li-rih phases.
Further derease of the partile size makes it possible to nd a fully oupied phase Li1TiO2 [ 36℄.
It an oexist with the Li-rih one penetrating to the 34 nm depth below the partile surfae (or
transforming all the partiles less than 7 nm in size). The poor Li ion ondutivity an be due to
the full oupation of the otahedral voids, whereas ion diusion requires vaanies. Most likely,
the short diusion path in nanostrutured materials diminishes this problem as well as elevation
of temperature.
As established by quasi-elasti neutron sattering [ 37℄ Li ions an oupy two distint positions
within the otahedral intersties along the c axis (but only one of them at a time). In the Li-anatase
those positions are symmetrial, separated by 1.61

A and equally oupied while in the Li-titanate
they are shifted, separated by only 0.7

A and nonequivalent (nLi1 = 0.32 and nLi2 = 0.19 at 10 K
 the tting of the site oupany assuming a Boltzmann distribution indiates that the energy
dierene between the positions is 3.8 meV; positions 1 and 2 have an antiparallel orientation in
the neighbouring otahedra due to the phase symmetry). A ombination of quasi-elasti neutron
sattering and fore eld moleular dynamis simulations shows that Li is hopping on a pioseond
time sale between the two sites in the otahedral intersties [ 38, 39℄.
Lithium was also found to oupy multiple positions inside the distorted oxygen otahedron of
LixMg0.1Ni0.4Mn1.5O4 spinel [ 17℄. Quite possible that this feature is ommon to a wide family of
rystals with a similar struture but has been found only reently due to a higher preision of the
experiment.
2. Symmetry analysis of the lithium interalated anatase: a possibility of
internal piezoeet
1
2
2
1k=1
k=2
Figure 1. A shemati illustration of the posi-
tions available for the interalated lithium ion
in oxygen otahedron voids of the anatase ele-
mentary ell. Oupation of positions 1 and 2 is
equal in the poor Li-anatase phase and dierent
in the rih Li-titanate phase; their orientations
are antiparallel in the neighbouring otahedra
(sublatties k = 1, 2).
As mentioned before, the standard rystal-
lographi ell of body-entered anatase is ho-
sen to onsist of two elementary ells for on-
veniene. Thus, the respetive spae group D194h
(or I41/amd origin hoie 2, No. 141) has a
double set of symmetry operations as ompared
with its point symmetry group D4h (4/mmm).
However, a single elementary ell obeys all
transformation rules. It onsists of two formula
units, i.e. two otahedral voids (formed by oxy-
gen anions) where the interalated lithium ion
an reside in one of two available positions (g-
ure 1).
Oupation of eah otahedron by the
lithium ion ould be easily desribed by the
4
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Hubbard projetion operator Xppik , where i is the lattie site index (i.e. the elementary ell in-
dex), k = 1, 2 is the sublattie index (the otahedron index), and the state p = 0 orresponds
to an empty otahedron while the states p = 1, 2 denote the lithium ion in positions 1 or 2, re-
spetively. The Hubbard operator formalism reets the mirosopi struture of the system and
is very onvenient for further alulations.
Alternatively, in the pseudospin formalism loalization of lithium in a ertain position an be
desribed by the pseudospin operator sˆik = (−1)
k−1(X11ik −X
22
ik ). However, one should also take
into aount the total oupation of the void nˆik = X
11
ik +X
22
ik . Suh an approah separates dipole-
dipole (pseudospin) and partile-partile interations in the spirit of the Blume-Emery-Griths
(BEG) model [ 40℄.
Finally, symmetrized linear ombination of the averages
n± =
1
2
(n1 ± n2), η± =
1
2
(s1 ± s2) (nk ≡ 〈nˆik〉, sk ≡ 〈sˆik〉) (1)
inherit symmetry properties of the system, thus being the order parameters of possible phase
transitions (see appendix). Namely, n+ (it transforms aording to the irreduible representation
(IR) A1g of the point group D4h) orresponds to the lithium onentration (the average oupation
of otahedral voids), n− (IR B2u) is the dierene of the void oupations in the sublatties 1 and
2, η+ (IR A2u) is the polarization along the z axis, and η− (IR B1g whih orresponds to the
phase transition into the Li-titanate point symmetry subgroup D2h) simultaneously desribes two
phenomena: the antipolarization along the z axis (unlike the true antiferroeletri ordering with
doubling of the unit ell, a mutual ompensation of sublattie polarizations ours here just as
in the Mitsui model) and the deformation Uxx − Uyy in the ab plane. Suh a oexistene of the
antipolar ordering and the deformation belonging to the same irreduible representation and, thus,
desribed by a ommon order parameter is alled internal piezoeet.
3. Phase equilibrium in the framework of the Landau expansion
The symmetry analysis performed in the previous setion an serve as a bakground for a
qualitative desription of thermodynamis of the onsidered system in the framework of Landau
expansion
F = F0 +
1
2
aρ2 +
1
3
bρ3 +
1
4
cρ4 +
1
2
Aη2 +
1
4
Bη4 − ση − µρ , (2)
where ρ desribes the interalant (lithium) onentration and hene orresponds to the n+ intro-
dued above, µ is the hemial potential, the order parameter η is proportional to the η−, and
the onjugated eld σ desribes the applied stress; the expansion oeients should satisfy the
following onditions
A = A0 +A1ρ, B > 0, c > 0.
The equilibrium state of the system is ahieved at the minimum of the free energy
∂F
∂ρ
= aρ+ bρ2 + cρ3 +
1
2
A1η
2 − µ = 0, (3)
∂F
∂η
= Aη +Bη3 − σ = 0. (4)
Further alulations are limited to the ase of zero eld: σ = 0. Then, equation (4) an have
either trivial solution η = 0 or nonzero one:
A+Bη20 = 0 ⇒ η0 = ±
√
−(A0 +A1ρ)/B. (5)
At B > 0, η0 takes on a real value under the ondition A0 + A1ρ < 0 whih means A0 > 0 and
A1 < 0 giving
η20 =
|A1|ρ−A0
B
, ρ >
A0
|A1|
. (6)
Let us onsider the ases η = 0 and η 6= 0 separately.
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I. η = 0
As follows from equation (3)
ϕ(ρ) = µ, ϕ(ρ) ≡ aρ+ bρ2 + cρ3. (7)
This equation ould have three solutions in a ertain region of hemial potential values (i.e.
the possibility of a phase transition with the jump of ρ) if the extrema of the funtion ϕ(ρ)
exist, i.e. the equation
∂ϕ(ρ)
∂ρ
= a+ 2bρ+ 3cρ2 = 0
has nonzero solutions
ρ1,2 =
1
3c
[
−b±
√
b2 − 3ac
]
, (8)
whih imposes a ondition on the Landau expansion oeients
b2 − 3ac > 0. (9)
An equivalent ondition ould be obtained by setting the seond derivative to zero
∂2ϕ(ρ)
∂ρ2
= 2b+ 6cρ = 0,
whih gives the ordinate of the inetion point
ρ∗ = −b/3c, (10)
and demanding a negative value of the rst derivative at this point ∂ϕ(ρ)/∂ρ|ρ=ρ∗ < 0. Sine
the urve ϕ(ρ) always rosses the inetion point (whih is the symmetry entre of the urve),
this point is also rossed by the line of the phase transition ourring at the following value
of hemial potential
ϕ(ρ∗) =
b
3c
(
2b2
9c
− a
)
= µ∗. (11)
Considering that the parameter ρ desribes onentration, we have an additional ondition
ρ > 0: both solutions of equation (8) are positive if b > 0.
II. η = ±η0
After the idential alulations one an obtain an expression similar to equation (7) but
slightly renormalized:
a˜ρ+ bρ2 + cρ3 = µ˜, a˜ = a−
|A1|
2
2B
, µ˜ = µ−
A0|A1|
2B
. (12)
The phase transition exists if
b2 − 3a˜c > 0 (13)
and it ours at the following value of hemial potential
µ˜∗ =
b
3c
(
2b2
9c
− a˜
)
. (14)
As follows from the above onsiderations, the behaviour of the system at hange of the hemial
potential depends on the values of Landau expansion oeients. So, further onsiderations are
limited to the ase whih qualitatively desribes the phase transition between the poor phase I
(η = 0, ρ→ 0) and the rih phase II (η 6= 0, ρ→ 0.5) in the lithiated anatase.
Comparing onditions (9) and (13) one an derive the ondition
3ac−
3
2
|A1|
2
B
c < b2 < 3ac (15)
6
Phase separation in LixTiO2: A theory
desribing the ase when only one solution for ρ exists in the phase I while there are three possible
solutions in the phase II at nonzero η0. Combining the equations for equilibrium values of ρ and
the ondition of the rst order phase transition F
I
= F
II
between the phases I and II, we obtain a
set of equations for values of ρ
I
, ρ
II
and µ at the phase transition point
aρ
I
+ bρ2
I
+ cρ3
I
= µ,
a˜ρ
II
+ bρ2
II
+ cρ3
II
= µ˜,
1
2
aρ2
I
+
1
3
bρ3
I
+
1
4
cρ4
I
− µρ
I
=
=
1
2
aρ2
II
+
1
3
bρ3
II
+
1
4
cρ4
II
+
1
2
A(ρ
II
)η20(ρII) +
1
4
Bη40(ρII)− µρII. (16)
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Figure 2. Dependene of free energy on hemial
potential for branhes with zero and nonzero or-
der parameter η: the rst order phase transition
takes plae.
A qualitative illustration of suh a phase
transition, whih orresponds to the ase in the
lithium interalated anatase, is given in gure 2
for the following set of Landau oeients (2):
a = 10.8, b = −35.2, c = 45.7, A0 = 0.2,
A1 = −9.1, B = 9. This set satises the on-
dition (15) and, as follows from the free energy
analysis, at the rise of hemial potential the
rst order phase transition from the branh I
to the branh II (16) preedes the possible se-
ond order phase transition with a ontinuous
growth of the nonzero value of ρ at ρ(µ) = ρc.
Due to the dependene on parameter ρ of
the oeients of parameter η both of them
have simultaneous jumps at the point of the
rst order phase transition (gure 3). Parame-
ter η should be onsidered as a true order pa-
rameter of this transition beause it is exatly
equal to zero in the initial phase. It should be
also noted that (due to proximity of the phase transition points) at inrease of hemial poten-
tial the system ould pass through the rst order phase transition point (a metastable state)
and the seond order phase transition does our followed by the rst order phase transition in
the extremum point of ρ(µ). All the above onsiderations are valid for the ase µ = onst. How-
ever, the lithiated anatase orresponds rather to the system with the xed lithium onentration
(ρ = onst). In this ase the system separates into phases with onentrations ρ
I
and ρ
II
(gure 3)
and respetive weights w
I
and w
II
, so ρ
xed
= w
I
ρ
I
+ w
II
ρ
II
. The hemial potential of the system
is onstant and is equal to the hemial potential value at whih the rst order phase transition
ours in the µ = onst regime.
Using the equality
∂2F
∂η2
= A+ 3Bη2 =
∂σ
∂η
,
one an alulate the suseptibility whih desribes the reation of the order parameter η (the
deformation Uxx − Uyy) with respet to the eld σ (this suseptibility is related to the elasti
modulus of the system)
χ ≡
∂η
∂σ
=
[
A0 − |A1|ρ+ 3Bη
2
]−1
. (17)
Its expliit form depends on the phase
η = 0: χ
I
= [A0 − |A1|ρI]
−1
, (18)
η = η0 : χII =
1
2
[|A1|ρII −A0]
−1
. (19)
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Figure 3. A jump of order parameters ρ (left) and η (right) at the rst order phase transition.
Thermodynamially stable solutions are marked with the solid urve. In the ρ = onst regime
the phase separation into phases with ρ
I
and ρ
II
takes plae.
Due to the phase transition, the suseptibility has a jump whose value an be alulated from
expressions (18) and (19) using solutions of the set (16).
Utilizing the equality A0 − |A1|ρ = −Bη
2
, one an rewrite the suseptibility (17) at η 6= 0 in
the form
χ =
[
2Bη2
]−1
. (20)
Thus, the suseptibility ould diverge in both ases (18) and (20) approahing the point of the
possible seond order phase transition from the respetive diretion.
4. Lattie model for the lithium interalated anatase
4.1. Model Hamiltonian and thermodynamis in the mean eld approximation
As demonstrated in the previous setion, the Landau expansion ombined with the symmetry
analysis gives a good qualitative piture of the phase separation in the lithiated anatase. However,
a detailed desription of temperature dependent thermodynami properties of the system ould be
derived only in the framework of a mirosopi approah. Let us onstrut a model Hamiltonian
of the lattie gas type:
Hˆ = Hˆ1 + Hˆint + Hˆdef, (21)
where besides the single partile term Hˆ1 the interpartile interation Hˆint and the lattie defor-
mation Hˆ
def
are taken into aount:
Hˆ1 =
∑
i
∑
k
∑
p
(ε0 − µ)X
pp
ik − h
∑
i
(si1+si2)−∆
∑
i
(si1−si2),
Hˆ
int
= −
1
2
∑
i6=j
∑
kl
∑
pq
W pqkl (i, j)X
pp
ik X
qq
jl ,
Hˆ
def
=
1
2
NCU2, (22)
where
∆ = αU, U = Uxx − Uyy; k, l = 1, 2, p, q = 0, 1, 2;
µ is hemial potential of the interalant partiles (let us assign ε0 as its origin), h is the external
eletri eld, ∆ is the deformation indued internal eld, U is the eetive deformation in the
XY plane (σ = ∂(Ω/N)/∂U denes the stress), W pqkl (i, j) are the interation energies between the
partiles in the respetive positions. Hene, we take into aount both the semiphenomenologial
deformational shift of the lattie energy Hˆ
def
and the eetive internal staggered eld ∆ (similar
8
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to the one in the Mitsui model) whih appears due to the interalation indued lattie deformation
making the lithium interalation positions inequivalent in the pairs. Unlike the ordinary lattie gas
approah, the proposed model onsiders two equilibrium positions for interalated partiles. Suh
multistate models (see, e.g. [ 41, 42℄) are rather rare sine monopositional interalated materials
are the most ommon. Deformational eets have been also taken into aount beause an eetive
potential for the Li ions was aeted by the interalation-indued distortion of the host [ 43℄.
In the mean eld approximation, Hamiltonian (21) beomes linear
Hˆ
MFA
= NE0 +
∑
i
∑
k
∑
p
HkpX
pp
ik . (23)
Taking into aount the symmetry properties of the Fourier transforms of the interation energies
in the entre of the Brillouin zone
W 1111 = W
22
11 = W
11
22 = W
22
22 , W
12
11 = W
21
11 = W
12
22 = W
21
22 ,
W 1212 = W
21
21 = W
21
12 = W
12
21 , W
11
12 = W
22
12 = W
11
21 = W
22
21 ,
one an write down the expressions for average values and eetive elds
E0 =
1
2W
11
11
(
〈X111 〉
2 + 〈X221 〉
2 + 〈X112 〉
2 + 〈X222 〉
2
)
+W 1211
(
〈X111 〉〈X
22
1 〉+ 〈X
11
2 〉〈X
22
2 〉
)
+W 1112
(
〈X111 〉〈X
11
2 〉+ 〈X
22
1 〉〈X
22
2 〉
)
+W 1212
(
〈X111 〉〈X
22
2 〉+ 〈X
22
1 〉〈X
11
2 〉
)
,
H11 = −µ− h−∆
−
(
W 1111 〈X
11
1 〉+W
12
11 〈X
22
1 〉+W
11
12 〈X
11
2 〉+W
12
12 〈X
22
2 〉
)
,
H12 = −µ+ h+∆
−
(
W 1111 〈X
22
1 〉+W
12
11 〈X
11
1 〉+W
11
12 〈X
22
2 〉+W
12
12 〈X
11
2 〉
)
,
H21 = −µ+ h−∆
−
(
W 1111 〈X
11
2 〉+W
12
11 〈X
22
2 〉+W
11
12 〈X
11
1 〉+W
12
12 〈X
22
1 〉
)
,
H22 = −µ− h+∆
−
(
W 1111 〈X
22
2 〉+W
12
11 〈X
11
2 〉+W
11
12 〈X
22
1 〉+W
12
12 〈X
11
1 〉
)
, (24)
Average oupations of the positions an be obtained as solutions of the selfonsisteny equation
set
〈Xppk 〉 = Z
−1
k e
−βHkp , (25)
where partition funtions of sublatties are as follows:
Zk = 1 + e
−βHk1 + e−βHk2 (26)
and thermodynamially stable solutions are hosen aording to the riterion of the minimum of
grand anonial potential
Ω/N = E0 +
1
2CU
2 −Θ ln(Z1Z2). (27)
For the (n, s)-representation (introdued in setion 2) selfonsisteny equations look like
nk = Z
−1
k
(
e−βHk1 + e−βHk2
)
,
sk = (−1)
k−1Z−1k
(
e−βHk1 − e−βHk2
)
, (28)
where the term E0 and the eetive elds are as follows
E0 =
1
4
[
W+11(n
2
1 + n
2
2) +W
−
11(s
2
1 + s
2
2) + 2W
+
12n1n2 − 2W
−
12s1s2
]
,
H11 = −µ− h−∆−
1
2
(
W+11n1 +W
−
11s1 +W
+
12n2 −W
−
12s2
)
,
H12 = −µ+ h+∆−
1
2
(
W+11n1 −W
−
11s1 +W
+
12n2 +W
−
12s2
)
,
H21 = −µ+ h−∆−
1
2
(
W+12n1 +W
−
12s1 +W
+
11n2 −W
−
11s2
)
,
H22 = −µ− h+∆−
1
2
(
W+12n1 −W
−
12s1 +W
+
11n2 +W
−
11s2
)
, (29)
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and new ombinations of interation energies are introdued
W±11 =W
11
11 ±W
12
11 , W
±
12 = W
11
12 ±W
12
12 . (30)
Finally, the symmetrized ombinations of averages (1) (whih an be the order parameters of
the system) are found from the following set
n± =
1
2
[
Z−11
(
e−βH11 + e−βH12
)
± Z−12
(
e−βH21 + e−βH22
)]
,
η± =
1
2
[
Z−11
(
e−βH11 − e−βH12
)
∓ Z−12
(
e−βH21 − e−βH22
)]
, (31)
with the respetive denitions for E0 and the eetive elds
E0 =
1
2
[
W++n
2
+ +W+−n
2
− +W−−η
2
+ +W−+η
2
−
]
,
H11 = −µ− h−∆−
1
2 (W++n+ +W+−n− +W−−η+ +W−+η−) ,
H12 = −µ+ h+∆−
1
2 (W++n+ +W+−n− −W−−η+ −W−+η−) ,
H21 = −µ+ h−∆−
1
2 (W++n+ −W+−n− −W−−η+ +W−+η−) ,
H22 = −µ− h+∆−
1
2 (W++n+ −W+−n− +W−−η+ −W−+η−) , (32)
as well as symmetrized interation energies
W+± = W
+
11 ±W
+
12, W−± = W
−
11 ±W
−
12. (33)
Considering the denition σ = ∂(Ω/N)/∂U with aount of the equality ∆ = αU and the
expression for grand anonial potential (27), the equation for the deformation is obtained
U =
2α
C
(σ˜ + η−), (34)
where σ˜ = σ/2α is a saled dimensionless stress. As it follows
1
2
CU2 = k∆(σ˜ + η−)
2, ∆ = k∆(σ˜ + η−), (35)
where k∆ = 2α
2/C. Thus, the deformation (34) an our spontaneously (giving rise to the anti-
symmetrial internal eld ∆) due to the appearane of the order parameter η− even at the absene
of the stress.
The deformation U is a proper variable for the grand anonial potential Ω (27) but in our ase
it is onvenient to deal with the stress σ (onjugated to U). Performing the Legendre transformation
dΩ = · · ·+ σdU = · · ·+ d(σU)− Udσ,
one an build the desired form of grand anonial potential Ω˜
Ω˜ = Ω− σU. (36)
The respetive deformational term of the thermodynami potential looks like
1
2
CU2 − σU = k∆(η
2
− − σ˜
2).
4.2. Phase diagram of the ground state
At zero temperature, the homogenious system, whih is desribed by Hamiltonian (21), ould
reside in one of the nine possible states |p1p2〉 (let us also use a more desriptive notation where
10
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up and down arrows indiate oupied positions, e.g. |10〉 ≡ |↑0〉) with the following values of
thermodynami potential (36):
|00〉 ≡ |0〉 : Ω˜0 = −k∆σ˜
2,
|↑0〉 ≡ |1〉 : Ω˜1 = −µ− h−W1 − k∆(σ˜ +
1
2 )
2,
|↓0〉 ≡ |2〉 : Ω˜2 = −µ+ h−W1 − k∆(σ˜ −
1
2 )
2,
|0↓〉 ≡ |3〉 : Ω˜3 = −µ+ h−W1 − k∆(σ˜ +
1
2 )
2,
|0↑〉 ≡ |4〉 : Ω˜4 = −µ− h−W1 − k∆(σ˜ −
1
2 )
2,
|↑↑〉 ≡ |5〉 : Ω˜5 = −2µ− 2h− 2W2 − k∆σ˜
2,
|↓↓〉 ≡ |6〉 : Ω˜6 = −2µ+ 2h− 2W2 − k∆σ˜
2,
|↑↓〉 ≡ |7〉 : Ω˜7 = −2µ− 2W3 − k∆(σ˜ + 1)
2,
|↓↑〉 ≡ |8〉 : Ω˜8 = −2µ− 2W3 − k∆(σ˜ − 1)
2; (37)
where
W1 =
1
8 (W++ +W+− +W−− +W−+) =
1
2W
11
11 ,
W2 =
1
4 (W++ +W−−) =
1
2 (W
11
11 +W
12
12 ),
W3 =
1
4 (W++ +W−+) =
1
2 (W
11
11 +W
11
12 ). (38)
As is obvious from expressions (37), at σ˜ > 0 (in partiular at σ˜ → +ε) the levels 1, 3, and 7
always lie below the levels 4, 2 and 8, respetively. So, the latter will not be further onsidered.
Setting equal thermodynami potentials of dierent phases, one an obtain a set of equations
for the respetive phase transitions:
|0〉 ↔ |1〉 : µ = −h−W1 − k∆(σ˜ +
1
4 ),
|0〉 ↔ |3〉 : µ = h−W1 − k∆(σ˜ +
1
4 ),
|0〉 ↔ |5〉 : µ = −h−W2,
|0〉 ↔ |6〉 : µ = h−W2,
|0〉 ↔ |7〉 : µ = −W3 − k∆(σ˜ +
1
2 ),
|1〉 ↔ |3〉 : h = 0,
|5〉 ↔ |6〉 : h = 0,
|5〉 ↔ |7〉 : µ = (W3 −W2) + k∆(σ˜ +
1
2 ),
|6〉 ↔ |7〉 : µ = −(W3 −W2)− k∆(σ˜ +
1
2 ),
|1〉 ↔ |5〉 : µ = −h+ (W1 − 2W2) + k∆(σ˜ +
1
4 ),
|3〉 ↔ |6〉 : µ = h+ (W1 − 2W2) + k∆(σ˜ +
1
4 ),
|1〉 ↔ |7〉 : µ = h+ (W1 − 2W3)k∆(σ˜ +
3
4 ),
|3〉 ↔ |7〉 : µ = −h+ (W1 − 2W3)k∆(σ˜ +
3
4 ),
|1〉 ↔ |6〉 : µ = 3h+ (W1 − 2W2) + k∆(σ˜ +
1
4 ),
|3〉 ↔ |5〉 : µ = −3h+ (W1 − 2W2) + k∆(σ˜ +
1
4 ). (39)
Various possible phase diagrams of the ground state in the µh plane (whih are alulated from
equations (39)) are depited in gures 47 using the following designations:
µ0 = −W3 − k∆(σ˜ +
1
2 ),
µ1 = −W1 − k∆(σ˜ +
1
4 ),
µ2 =W1 − 2W3 − k∆(σ˜ +
3
4 ),
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Figure 4. The most general form of the ground
state phase diagram: existene of intermedi-
ate half-lled phases and the possibility of a
diret transition from the empty state to the
full one.
Figure 5. The ground state phase diagram
with the phase transition between the empty
and half-lled states whih orresponds to
the Li-poor  Li-rih phase equilibrium in the
lithiated anatase.
µ3 = W1 − 2W2 + k∆(σ˜ +
1
4 ),
h1 = W3 −W2 + k∆(σ˜ +
1
2 ). (40)
It is evident that the form of the phase diagram depends on the values of model parameters, so we
shall analyse some important ases below.
In the most general ase (gure 4), the phase diagram onsists of empty, half-lled, and full
states whih dier in oupation and polarization of sublatties. Two-sublattie nature of the model
demonstrates itself in the intermediate half-lled states and the entral nonpolar full state thus
being notieably dierent from the respetive ground state diagram of the BEG model. It should
be stressed that due to the exlusion of the states 2, 4, and 8 the phase |↑0〉 ≡ |1〉 is symmetrial
to the phase |0↓〉 ≡ |3〉. In the onsidered ase, both transitions between the empty and half-lled
phases as well as between the empty and full phases are possible. The latter transition takes plae,
e.g. at zero eld h whih is ontrary to the situation in the lithiated anatase where only half-lled
phases are aessible.
Coexistene of the Li-poor and Li-rih phases in the lithiated anatase is fairly desribed by
a phase diagram in gure 5. For any value of the external eletri eld h (in partiular, at zero
eld) the system an pass from the empty state to the half-lled state only. In the regime of xed
onentration suh a phase transition manifests itself as a phase separation.
Suh a phase diagram exists if onditions µ1 < µ2 < µ3 are satised. Taking into aount
denitions (40) and (38) and negleting deformational eets one an rewrite the above inequality
in a more lear form
W 1212 < W
11
12 < 0. (41)
Thus, this type of a phase diagram exists if the interations between the orientational states in
dierent sublatties are repulsive with the interation between the unlike states (with dierent p,
i.e. |↑0〉 and |0↑〉 or |↓0〉 and |0↓〉) being stronger than the interation between the like states (with
idential p, i.e. |↑0〉 and |0↓〉 or |↓0〉 and |0↑〉). These onlusions are in full qualitative agreement
with the preditions of the moleular dynamis modelling [ 37℄.
In view of deformational eets, the inequalities µ1 < µ2 < µ3 transform to
− k∆(σ˜ +
1
4 ) < −W
11
12 − k∆(σ˜ +
3
4 ) < −W
12
12 + k∆(σ˜ +
1
4 ). (42)
Thus, appliation of the stress σ˜ favours the phase diagram in gure 5 beause µ1 and µ2 are shifted
to the left ∼ σ˜ and µ3 is moved towards the right ∼ σ˜. So the domains of the phases |↑0〉 and |0↓〉
expand. However, at h = 0 the dierene µ2 − µ1 = −W
11
12 −
1
2k∆ does not depend on the stress
12
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Figure 6. The eet of stress imposition: the ground state phase diagram in the µσ˜ oordinates
at h = 0 (left) and a family of ground state phase diagrams for dierent values of the stress
(right). Other model parameters have the following values: W++ = 1, W+− = 1.5, W−− = 0.2,
W
−+ = 0.3, k∆ = 0.05.
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Figure 7. A redued form of the ground state
phase diagram: only the empty and full phases
oexist.
(as one an see on the phase diagram µσ˜ in
gure 6) and half-lled phases exist if W 1112 <
− 12k∆. A strong enough stress σ˜ an open
these phases even if onditions (41) are not
satised. The above rationales are onrmed
by the family of phase diagrams in gure 6
alulated for dierent stress values σ˜ (here-
inafter all model parameters are given in the
dimensionless units normalized by W++ = 1;
in the onsidered ase W 1111 = 0.75, W
12
11 = 0.5,
W 1112 = −0.1, W
12
12 = −0.15 in suh a manner
satisfying onditions (41)).
If onditions (42) fail, the half-lled phases
are suppressed (gure 7). In addition, if h1 6 0,
then the entral full nonpolar phase vanishes
and the ground state phase diagram redues to
the respetive one for the BEG model.
4.3. Temperature behaviour of phase diagrams and phase separation
Sine the onsidered model inherits features of the Mitsui and BEG models, one an expet a
quite omplex thermodynamial behaviour and the above analysis of the ground state has proved
these antiipations. As it is seen from the temperature axis omplemented analogue (gure 8) of the
diagram in gure 5, the lines of phase transitions form the surfaes and some new phases appear.
A omprehensive analysis of the obtained diagram is too ompliated and goes beyond the sope
of this researh, so we onsider the ase with intermediate half-lled phases orresponding to the
interalated anatase.
With this in mind let us analyse the phase diagram at the absene of the external eletri eld
h (gure 9). At low temperature, in full agreement with the ground state diagram, there are three
phases: empty, half-lled, and full (due to the temperature blurring at higher temperatures
these names loose their exat meaning). At high temperatures in the whole range of hemial
potential there is only empty phase where all order parameters are zero exept the onentration
n+ whih hanges monotonously.
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Figure 8. The three-dimensional phase diagram in the µhΘ oordinates. Model parameters
have the following values: W++ = 1, W+− = 1.5, W−− = 0.2, W−+ = 0.3, k∆ = 0.05, σ˜ = 0.
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Figure 9. The phase diagram µΘ at the absene
of the eletri eld. Other model parameters are
as follows: W++ = 1, W+− = 1.5, W−− = 0.2,
W
−+ = 0.3, k∆ = 0.05, σ˜ = 0. Phase names
(empty, half-lled, and full) orrespond to
the ground state. There are two triritial points
(TCPs) on the phase transition line limiting the
half-lled phase from the top.
The half-lled phase provides the most
omplex behaviour of the order parameters. As
is seen from the ross-setion at the hemi-
al potential value µ = −0.38 (gure 10), the
rise of temperature leads to the suppression
of the dipole-dipole ordering (order parame-
ters η+ and η−) and it ompletely vanishes at
the line of the seond order phase transition
whih is loated inside the half-lled phase.
The phase itself is limited from the top side by
the line of the phase transition with zeroing of
n−. The upper part of the phase is separated
by the triritial points (TCPs) marking the
hange of the phase transition order from the
seond to the rst one. The full phase is also
limited from the top side by the line of the se-
ond order transitions where η− → 0.
Behaviour of order parameters at the
hange of hemial potential (gure 10) learly
distinguishes the phases separated by the lines
of the rst order phase transitions (e.g. a har-
ateristi feature of the half-lled phase is
n− 6= 0). In a ertain temperature range inside
the half-lled phase, the above mentioned
phase transition between the polar and non-
polar states takes plae.
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Figure 10. Phase diagram ross-setions: temperature dependenes of order parameters in the
half-lled phase (left: µ = −0.38; in the piture sale urves η+ and η− overlap) and depen-
denes of order parameters on hemial potential exhibiting phase transitions of the seond and
the rst orders (right: Θ = 0.136). Other model parameters have the following values: W++ = 1,
W+− = 1.5, W−− = 0.2, W−+ = 0.3, k∆ = 0.05, σ˜ = 0.
In a wide temperature range, the appearane of the phase diagram hemial potential µ 
stress σ˜ (gure 11) losely resemble the ground state one (gure 6). However, the further rise of
temperature leads to a fast suppression of the half-lled phase.
Sine in the regime of a xed hemial potential (µ = const) the empty and half-lled
phases on the phase diagram µΘ (gure 9) are separated mainly by the line of the rst order
phase transitions, the system separates into poor and rih phases (gure 12) in the regime of
the xed onentration (n+ = const). As one an see, in a wide region of low temperatures a
separation into onentrations n+ = 0 and n+ = 0.5 ours whih well reprodues the oexistene
of Li-poor and Li-rih phases in the interalated anatase. The phase separation region narrows at
heating and nally loses up at the point orresponding to the triritial point in gure 9. Another
short line of phase transitions (starting at the kink of the right boundary) relates to the suppression
of polar states in a half-lled phase.
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Figure 11. A family of phase diagrams hemi-
al potential µ  stress σ˜ for various tempera-
ture values at h = 0. Other model parameters
have the following values: W++ = 1, W+− =
1.5, W
−−
= 0.2, W
−+ = 0.3, k∆ = 0.05.
Figure 12. The diagram of the phase separa-
tion into poor (n+ = 0) and rih (n+ =
0.5) phases in the regime n+ = const (W++ =
1, W+− = 1.5, W−− = 0.2, W−+ = 0.3,
k∆ = 0.05, σ˜ = 0).
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Figure 13. The phase diagram µ-Θ at h = 0
for the ase of the rst order phase transition
between empty and full phases (n
−
= 0 and
η+ = 0 in both of them; W++ = 1, W+− = 0,
W
−−
= 0, W
−+ = 0.3, k∆ = 0.05, σ˜ = 0).
A question arises why in the mirosopi
model we should deal with four order param-
eters while the Landau expansion is quite su-
essful with only two? First of all, the semiphe-
nomenologial desription is qualitative only
and it just demonstrates the possibility of the
rst order phase transition with simultane-
ous jumps of onentration and the order pa-
rameter η as the minimal set neessary to
desribe the phase separation in the litiated
anatase. Suh a piture orresponds to a diret
phase transition between the empty and full
phases (see the phase diagram at zero external
eld in gure 9) when other order parameters
(n− and η+) are always equal to zero. The de-
pendenes of the ative order parameters n+
and η− on hemial potential (gure 14) losely
resemble the respetive urves for ρ and η ob-
tained by the Landau expansion (gure 3). But
if one should take into aount the half-lled phase (what is inevitable for desription of the lithi-
ated anatase), the order parameters (n− and η+) beame nonzero and the full set of four parameters
should be onsidered as it has been done above.
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Figure 14. A jump of order parameters n+ (left) and η− (right) at the rst order phase transition
illustrating the previous phase diagram. Thermodynamially stable solutions are marked with
the solid urve. Other model parameters have the following values: W++ = 1, W+− = 0, W−− =
0, W
−+ = 0.3, k∆ = 0.05, Θ = 0.13, h = 0, σ˜ = 0.
5. Conlusions
To sum up, the present study was inspired by two features of the lithium interalated anatase:
oexistene of poor and rih phases and two possible loalizations of Li ion in the oxygen otahedron
along the c axis. The seond one implies the possibility of (anti)polar ordering what is beyond the
sope of a simple lattie gas model well desribing a phase separation. So a model of Blume-Emery-
Grits type has been used whih takes into aount both partile-partile and dipole-dipole terms.
Another less obvious peuliarity of the onsidered ompound is the interalation indued de-
formation of lattie: Li-rih phase has a lower symmetry (the axes a and b beome inequivalent)
resulting in preferential oupation of one position of the mentioned pairs whih has an alternating
orientation in the neighbour otahedra (i.e. in dierent sublatties). Performed symmetry analysis
explains this phenomena by the possibility of internal piezoeet: the deformation in the ab plane
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as well as the appearane of an eetive internal staggered eld (ausing the ordering of antiferro-
eletri type like as in the Mitsui model) both belong to the same irreduible representation of the
initial high-symmetry anatase phase and, hene, are desribed by the ommon order parameter.
Thus, inrease of the interalant ontent ould result in a phase transition with simultaneous jumps
of the average oupation and antipolarization (the latter aompanied by the jump of dieletri
suseptibility) as it has been proved by the Landau expansion.
The mirosopi approah, ombining the abovementioned features of both the BEG and Mitsui
models, gives semiquantitative desription of phase oexistene in the lithiated anatase. Analysis
of the ground state phase diagram onrms a possibility of the phase transition between empty
and half-lled phases whih orresponds to the phase separation into Li-poor and Li-rih phases
in the rystal. As the model predits, suh a separation remains near onstant in a wide tem-
perature range. The mirosopi approah ould easily reprodue the Landau expansion results
as the partiular ase of the empty-full transition desribed by the two order parameters. But
the presene of the half-lled phase makes it neessary to deal with the full set of the order
parameters allowed by the rystal symmetry.
However, some issues are still open. The model predits that external stress should shift the
phase transition between empty and half-lled phases to the lower values of hemial potential. An
experimental evidene of this onjeture is still missing. The real average oupation in the Li-rih
phase is 0.550.6 instead of the value n+ = 0.5 in the half-lled model phase. This deviation ould be
explained by a multidomain nature of the Li-rih phase ontaining impurities of the full-oupied
LiTiO2 phase while the model phases are monodomain by denition. The same explanation applies
to the issue of absene of the total polarization in the half-lled phases: at zero external eld
these phases with opposite polarizations ould oexist in dierent domains providing a full mutual
ompensation. A similar mehanism of the mutual ompensation of polarization in Li-hains with
an opposite Li orientation is supported by the moleular dynamis simulations [ 37℄.
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Appendix: Table of the point group D4h symmetry transformations for the
symmetrized averages
Table 1. Transformations of the symmetrized linear ombinations of the averages whih orre-
spond to the irreduible representations (IR) of the point symmetry group D4h. The operations,
whih also belong to the lower symmetry subgroup D2h, are marked by asterisk; they keep the
symmetrized ombination η
−
(IR B1g) invariant.
IR
∗E ∗C
(z)
2 C4 C
3
4
∗C
(y)
2
∗C
(x)
2 C
(xy)
2 C
(xy¯)
2
A1g n+ n+ n+ n+ n+ n+ n+ n+
B2u n− n− −n− −n− −n− −n− n− n−
A2u η+ η+ η+ η+ −η+ −η+ −η+ −η+
B1g η− η− −η− −η− η− η− −η− −η−
IR
∗I ∗m(xy) S
3
4 S4
∗m(xz)
∗m(yz) m(xy¯) m(xy)
A1g n+ n+ n+ n+ n+ n+ n+ n+
B2u −n− −n− n− n− n− n− −n− −n−
A2u −η+ −η+ −η+ −η+ η+ η+ η+ η+
B1g η− η− −η− −η− η− η− −η− −η−
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